We also show that, more than the finite character of the defining family, it is the finite character of the star operation induced by the defining family that causes the interesting results. As a particular case of this theory, we provide a purely algebraic approach for characterizing Prüfer v-multiplication domains as a subclass of the class of essential domains (see also [9, Theorem 2.4]).
Introduction
Throughout this note D denotes an integral domain and K its quotient field. A family of overrings (rings between D and K) {S λ | λ ∈ Λ} of D such that D = {S λ | λ ∈ Λ} is called a defining family of D. We say that a defining family is locally finite (or, has finite character) if every nonzero element of D is a unit in all but a finite number of the S λ 's.
When the rings S λ are quotient rings of D, we get a representation of D as an intersection of quotient rings. This is the case of an important class of classical domains, e.g., the class of essential domains (definition recalled later), which includes Dedekind domains, Krull domains, Prüfer domains and their generalization Prüfer v-multiplication domains (for short PvMD, definition recalled later). A more general interesting representation is when each S λ ∈ {S λ | λ ∈ Λ} is itself an intersection of quotient rings, e.g., if each S λ is (t)-flat over D (definition recalled later).
In this note, we study some of these representations defined by appropriate finite character type conditions. The theory of star and semistar operations is one of the key ingredients in achieving this goal. In fact, any representation associated to a defining family of a domain D induces a star operation on D (see [1] ). More generally, any intersection of overrings of D defines a semistar operation on D (see for instance [11] ). In the present paper, we will mainly use the last more general setting.
The aim of this paper is to shed new light on some questions in the literature related to representations of domains as intersections of quotient rings. For instance, a well known result in this area is a simple and elegant characterization, in the tfinite character case, of the PvMDs given by M. Griffin in [23] : they are exactly the essential domains. An example by W. Heinzer and J. Ohm [25] shows that there exist essential domains that are not PvMDs. The question of when an essential domain is a PvMD was solved recently in [9] , by using topological methods. In this paper, we introduce a weak form of the finite character property of a defining family of a domain which turns out to be the key idea for an algebra theoretic proof of the question of when an essential domain is a PvMD.
In Sections 2 and 3, we give an overview on the theory of semistar operations and its interaction with a representation of a domain as an intersection of overrings. In Section 4, we investigate the question of when an intersection of a family of PvMDs is a PvMD. In the case of an intersection of overrings with finite character, we give an affirmative answer to the previous question, providing a generalization of a similar well known fact concerning the Krull domains, i.e., a locally finite intersection of Krull domains is a Krull domain. In Section 5, we provide a purely algebraic approach for characterizing PvMDs as a subclass of the class of essential domains.
The stable semistar operation of finite type ⋆ is smaller than or equal to ⋆, and it is the biggest stable semistar operation of finite type smaller than or equal to ⋆. It follows that ⋆ is stable of finite type if and only if ⋆ = ⋆. We denote by SStar(D) the set of stable semistar operations of finite type on D.
Let S := {S λ | λ ∈ Λ} be a nonempty family of overrings of an integral domain D. Let ∧ S be the semistar operation on D defined, for each E ∈ F (D), by:
In particular, if S be an overring of D and S := {S}, then the operation ∧ {S} is a semistar operation of finite type. If S is a D-flat overring, then ∧ {S} is a semistar operation stable (and of finite type) and conversely (see [32, Theorem 7.4(i) ] and [37, Proposition 1.7] ). In general, for each nonempty family S of D-flat overrings of D, ∧ S is stable, but it is not necessarily of finite type.
If Y is a nonempty subset of the prime spectrum Spec(D) of an integral domain D, then we define the semistar operation s Y induced by Y as the semistar operation associated to the set T (Y ) := {D P | P ∈ Y }, i.e., s Y := ∧ T (Y ) is the semistar operation defined by 
For star operations * , the notion of a "star-ideal" (that is, a nonzero ideal I of D, such that I * = I) is very useful. For a semistar operation ⋆, we need a more general notion, that coincides with the notion of star-ideal, when ⋆ is a (semi)star operation. We say that a nonzero ideal I of D is a quasi-⋆-ideal if I ⋆ ∩ D = I. For A valuative semistar operation is a semistar operation of the type ∧ W , where W is a family of valuation overrings of D; it is easy to see that ∧ W is an eab semistar operation. In particular, if V is the set of all valuation overrings of D, the b-operation, where b := ∧ V , is an eab semistar operation of finite type on D (see [20, pages 394 and 398] and [8, Proposition 4.5] ).
Just as in the case of the relation between stable and spectral operations, not every eab semistar operation is valutative, but the two definitions agree on finite type operations (see, for instance, [14, Corollaries 3.8 and 5.2] ).
Denote by SStar val (D) (respectively, SStar eab (D); SStar f,eab (D)) the set of valutative (respectively, eab; eab of finite type) semistar operations on D. By the previous remarks, we have:
We collect in the following lemma some basic properties of the maps ext(D, S) and con(S, D) (see also, for instance, [34 Lemma 3.1.
(1) The map ext is order-preserving, i.e.,
e . (2) The map ext preserves semistar operations of finite type, i.e., ext
The map con preserves semistar operations of finite type, i.e., con | SStar f (S) :
c ≥ ⋆ (for short, we summarize this property by writing con
Remark 3.2. In relation with statements (2) and (4) of the previous lemma, we observe that ext preserves stable semistar operations and, if
e is spectral on S [34, Proposition 2.11 (2) and (6)]. On the other hand, con preserves neither stability nor spectrality. For instance, d S is obviously spectral and hence stable on S while, if S is not a D-flat overring of D, (d S ) c = ∧ {S} is not stable (and, a fortiori, is not spectral) on D.
The overring S of D is a sublocalization of D if S is a nonempty intersection of ring of fractions of D. Thus S is a sublocalization of D if and only if there exists a nonempty family {T α | α ∈ A} of multiplicatively closed subsets of nonzero elements of D such that S = {D Tα | α ∈ A}. It is well known that a sublocalization S of D is an intersection of localizations of D at prime ideals, since each ring of fractions of D is an intersection of localizations of D (see [21] and [36] ). Indeed If T is a multiplicatively closed subset of an integral domain D, with 0 ∈ T , then D T = {D P | P ∈ Spec(D) and P ∩ T = ∅}. Therefore, if {T α | α ∈ A} is a family of multiplicatively closed sets of nonzero elements of D and
From the previous remarks, we deduce immediately: 
, where in the last equality the family T (D) is the family T considered as a family of overrings of D.
Proof. (1) is a straightforward consequence of the definitions.
(2) In general, for each semistar operation ⋆ on D, the stable semistar operation of finite type ⋆ is such that ⋆ ≤ ⋆. The second inequality follows by observing that
. (3) follows easily from the fact that ⋆ S coincides with (∧ T (S) ) c and T (S) is a family of overrings of fractions of S (and D), hence 
Remark 3.5. As a straightforward consequence of the previous proposition, we re-obtain the following well known properties. If S is a D-flat overring of D, then
(Note that in the above definition, we do not require that F ⊆ E.) It is immediate to see that if ⋆ 1 ≤ ⋆ 2 are semistar operations and E is ⋆ 1 -finite, then E is ⋆ 2 -finite. In particular, if E is ⋆ f -finite, then it is ⋆-finite. The converse is not true in general ([17, Remark 2.4]), and one can prove that E is ⋆ f -finite if and only if there exists Lemma 3.6. Let S be an overring of D and * a semistar operation on S. Consider the semistar operation ⋆ S := * c on D. Let I be a nonzero ideal of D and assume that I ⋆S := (IS) * = ((x 1 , x 2 , . . . , x n )S) * , where x k ∈ IS, for 1 ≤ k ≤ n. Then, we can find a finitely generated ideal J of D, with J ⊆ I, such that,
Proof. Indeed, as x k ∈ IS, we have x k = r k j=1 i kj s j , where i kj ∈ I and s j ∈ S. Then x k S ⊆ I k S for some finitely generated ideal I k ⊆ I of D, for every k. Take J := k I k and the verification of the claim is straightforward.
Proposition 3.7. Let {S λ | λ ∈ Λ} be a family of overrings of D and let * λ be a (semi)star operation on
Proof. Since D = {S λ | λ ∈ Λ} is locally finite, we have IS k = S k for at most a finite subset {S k | 1 ≤ k ≤ n}. Now, take a nonzero element j ∈ I, for the same reason, j is a nonunit in only finitely many overrings S λ and, by the previous considerations, we can assume that j is a nonunit in
there exist a finitely generated ideal I h ⊆ I such that I h S h = S h . Thus, the finitely generated ideal
From Lemma 3.6, for each λ ∈ Λ, we know that
⋆S λ , for some finitely generated ideal J λ ⊆ I of D. In particular, if we consider the finite subset {S k | 1 ≤ k ≤ n} of {S λ | λ ∈ Λ}, then we can find a finite set of finitely generated ideals
by construction, it is easy to see that J is finitely generated ideal of D contained in I.
Therefore, (IS λ )
Note that from the definition and from the previous observations, it immediately follows that the notions of P⋆MD, P⋆ f MD, and P ⋆MD coincide.
As in the star case [3, Corollary 2.10], it is well known that, for each semistar operation ⋆, we have ⋆ = ∧ QMax ⋆ f (D) , i.e., for each E ∈ F (D),
From
Theorem 4.1. Let {S λ | λ ∈ Λ} be a family of sublocalizations of an integral domain D. Suppose that D = {S λ | λ ∈ Λ} where the intersection is locally finite.
(1) Let T λ := T (S λ ) := {D Tα λ | α λ ∈ A λ } be a defining family of S λ and let * λ be the (semi)star operation on S λ induced by T λ , i.e., * λ := ∧ T λ . As in Proposition 3.7, set ⋆ := {( * λ ) c | λ ∈ Λ}. Assume that, for each λ ∈ Λ, (a) * λ is a (semi)star operation of finite type of S λ , and (b) S λ is a P * λ MD, then D is a P⋆MD, and so D is a P vMD.
(2) Assume that each of S λ is a P vMD, then D is a P vMD. We start by observing that, in the present situation, * λ is a stable (semi)star operation, because the family T λ consists of rings of fractions. Since we are assuming that * λ is of finite type of S λ and S λ is a P * λ MD, we have 
) is a stable (since it is induced by a family of rings of fractions of D) and valuative (semi)star operation on D (since * λ is valutative and the valuation overrings of S λ are valuation overrings of D). We conclude that ⋆ = ⋆ is an eab (semi)star operation and so D is a P⋆MD. Since ⋆ ≤ v, then D is also a PvMD.
(2) For each λ ∈ Λ, we take as defining family of S λ the family of valuation overrings T λ := T (S λ ) := {(S λ ) q λ | q λ ∈ A λ := Max t (S λ )}. In the present situation, the (semi)star operation on S λ associated to T λ , i.e., * λ = ∧ T λ , coincides with w λ , that is the w-operation on S λ . It is easy to see that the assumptions of (1) are satisfied (after recalling that a PvMD coincides with a PwMD) and so, if we denote by ⋆ the (semi)star operation {(w λ ) c λ | λ ∈ Λ}, we can conclude by (1) that D is a P⋆MD. In particular, since ⋆ ≤ v, D is a PvMD.
Recall that an overring S of an integral domain D is a t-flat overring of D if, for each maximal t-ideal M of S, S M = D (M∩D) [30] .
Remark 4.2. Note that it is possible to give a direct and independent proof of Theorem 4.1(2) under the assumptions that D = {S λ | λ ∈ Λ}, the intersection is locally finite and each S λ is t-flat.
By assumption,
and the valuation overring (S λ ) q λ is essential for D, for each λ ∈ Λ and for each q λ ∈ Max t (S λ ). Now, by Lemma 8 of [39] , an essential domain D is a PvMD if and only if, for every pair of elements a, b ∈ D\{0}, the ideal aD ∩ bD is a v-ideal of finite type.
As each S λ is a PvMD, aS λ ∩ bS λ is a v λ -ideal of finite type, thus we can find x λ1 , x λ2 , . . . , x λn λ ∈ S λ such that
where v λ , t λ , and w λ are the v-, the t-, and w-operation on the S λ 's, and we already observed that the t-, and w-operation coincide on the PvMD S λ [29, Theorem 3
.5] (via [41, Theorem 4.7]). On the other hand, by Proposition 3.4(3), ((aD∩bD)S
and, necessarily, x λk ∈ aS λ ∩ bS λ , for 1 ≤ k ≤ n λ . Let I := aD ∩ bD, by Lemma 3.6, we can find a finitely generated ideal J λ := (j λ1 , j λ2 , . . . , j λr λ )D, with J λ ⊆ I, such that,
Next, as D = {S λ | λ ∈ Λ} is of finite character then, in particular, ⋆ is a (semi)star operation on D. Moreover, by Proposition 3.7, there exists a finitely generated ideal J of D , with J ⊆ I, such that
From the previous Theorem 4.1, we deduce immediately the following two corollaries. Let ⋆ be a semistar operation on an integral domain D. We say that D is a ⋆-Noetherian domain if D has the ascending chain condition on quasi-⋆-ideals. Note that the d-Noetherian domains are just the usual Noetherian domains and the notions of v-Noetherian (respectively, w-Noetherian) domain and Mori (respectively, strong Mori) domain coincide. Recall that, in the star case, the concept of star Noetherian domain has been introduced by M. Zafrullah [40] (see, also, for instance, [2] , [19] and [34] ).
The following properties follow easily from the definitions (for more details, see for instance [34 Proof. (1) Given a nonzero ideal I of D, since S λ is * λ -Noetherian there exists a nonzero finitely generated ideal J λ in S λ such that J λ ⊆ IS λ and (IS λ ) * λ = (J λ ) * λ . Since D = {S λ | λ ∈ Λ} and the intersection is locally finite, by Lemma 3.6 and Proposition 3.7, we can assume that (J λ ) * λ = (JS λ ) * λ , for each λ ∈ Λ, where J is a finitely generated ideal of D such that J ⊆ I and If we show that D is •-Noetherian, then a fortiori we have that D is ⋆-Noetherian. For this, given ideal I of D we have (IS λ )
Since S λ is * λ -Noetherian (and * λ is of finite type), there exists a finitely generated ideal J λ in S λ such that J λ ⊆ IS λ and (J λ ) * λ = (IS λ ) * λ . Again, as D = {S λ | λ ∈ Λ} is locally finite, Proposition 3.7 applies, and so there exists a finitely generated ideal J of D, such that J ⊆ I and J
From the previous proposition, we easily deduce the following. Recall that an integral domain D is a weakly Krull domain if D = {D P | P ∈ X 1 (D)}, where X 1 (D) denotes the set of height one primes of D, and the intersection is locally finite. Weakly Krull domains were studied in [4] .
It is well known that if D is a Mori domain then so is each of its rings of fractions [35, Théorème 2] . Using this piece of information and Proposition 4.5, we deduce immediately the following. 
Essential domains and Prüfer v-multiplication domains
In this section, we introduce a weak form of the finite character property of a defining family of a domain. As an application, we shed new light on the question of when an essential domain is a PvMD solved recently by Finocchiaro and Tartarone [9] using topological methods.
Let D be an integral domain, let E(D) := {P ∈ Spec(D) | D P a valuation domain} be the set of all essential valuation overrings of D, and let ∅ = X ⊆ Spec((D). We say that the domain D is X-essential if X ⊆ E(D) and D = {D P | P ∈ X}.
Recall from [5] that a prime ideal Q of D is an associated prime of a principal ideal aD of D, if Q is minimal over (aD : bD) for some b ∈ D \ aD . For brevity, we call Q an associated prime of D and we denote by Assp(D) the set of the associated prime ideals of D. We say that D is a P-domain if, for every Q ∈ Assp(D), D Q is a valuation domain [33] . Note that a PvMD is a P-domain and not conversely [33, Corollary 1.4 and Example 2.1].
As we remarked above an important class of classical domains are X-essential for some nonempty set X ⊆ Spec(D), i.e., weakly Krull domains, for X = X 1 (D). Moreover, if X = Max(D) (or, even, X = Spec(D)) (respectively, X = Max t (D); X = Assp(D)) we get Prüfer domains (respectively, PvMDs; P-domains).
Let D be an X-essential domain, the (semi)star operation on D, * X , induced by the nonempty family of overrings X := {D P | P ∈ X}, i.e., * X := ∧ X (defined by E * X := {ED P | P ∈ X} for each E ∈ F (D)), is crucial for studying these domains as the following proposition shows.
Proposition 5.1. Let D be an integral domain, let ∅ = X ⊆ Spec(D) such that D = {D P | P ∈ X} and * X the star operation on D induced by the family of overrings {D P | P ∈ X}. Then, the following are equivalent.
(i) D is an X-essential domain.
(ii) Every * X -finite ideal is * X -invertible.
(ii) ⇒ (i) Let P ∈ X and J a nonzero finitely generated ideal of D P . Then J = ID P for some finitely generated ideal I of D. We have
So D P is a local Prüfer domain, and hence a valuation domain.
Remark 5.2. Note that Proposition 5.1 provides a general setting for a well known result on Prüfer domains (i.e., for X = Max(D) and * X = d) or on PvMDs (i.e., for X = Max t (D) and * X = w). On the other hand, a Dedekind domain (respectively, a Krull domain) is a Prüfer Noetherian domain (respectively, a PvMD Mori (w-Noetherian) domain; note that in this situation t = w), that is, in both cases, X-essential and * X -Noetherian domain. We call a X-Dedekind domain an integral domain with these latter properties. Since on an X-essential and * XNoetherian domain, the (semi)star operation * X is of finite type, then * X ≤ t and so Max
Hence an X-Dedekind domain D is always a PvMD with * X = w. Thus, Dedekind domains (i.e., when * X = w = d) and Krull domains (i.e., when * X = w) are the only X-Dedekind domains.
We say that a defining family {S λ | λ ∈ Λ} of an integral domain D has GV-finite character property if, for each ideal I of D such that IS λ = S λ for every λ ∈ Λ, there exists a finitely generated ideal J ⊆ I of D such that JS λ = S λ for every λ. Note that the abbreviation"GV" stands for Glaz-Vasconcelos, since we will see that the GV-finite character property can be characterized by a general version of the notion of H-domain, introduced by Glaz and Vasconcelos in [22] .
Obviously, every defining family of overrings of a Noetherian domain has GVfinite character property. Note that GV-finite character property is an extension of the finite character property. Indeed, assume that D = {S λ | λ ∈ Λ} has the finite character property and let I be an ideal of D such that IS λ = S λ for every λ. Let 0 = x ∈ I and let {S λ k | 1 ≤ k ≤ n} be the only λ's such that xS λ = S λ . For each k, there exists J k ⊆ I a finitely generated ideal of D such that IS λ k = J k S λ k = S λ k . Take J to be the finitely generated subideal of I generated by x and the J k 's, for 1 ≤ k ≤ n, then it is straightforward that JS λ = IS λ for each λ ∈ Λ. Proposition 5.3. Let D be an integral domain and let S := {S λ | λ ∈ Λ} be a defining family of overrings of D. Denote by * the (semi)star operation on D induced by the defining family of overrings S of D, i.e., * := ∧ S . Then, the following are equivalent.
(i) S has GV-finite character property; (ii) for every ideal I of D such that I * = D, there exists a finitely generated J ideal of D such that J ⊆ I and J * = D; (iii) the stable (semi)star operation * , canonically associated to * , is of finite type, i.e., * = * .
(ii) ⇒ (iii) Let E ∈ F (D) and x ∈ E * . Let I be a nonzero ideal of D such that xI ⊆ E with I * = D. By assumption, we can take I finitely generated. Let F := xI ∈ f (D). Then F ⊆ E and x ∈ F * . Thus * is of finite type.
(iii) ⇒ (ii) is an easy consequence of the definitions.
The case when D has a defining family of quotient rings, that is D = {D P | P ∈ X} for some X ⊆ Spec(D) is of particular interest. In this case, if the defining family {D P | P ∈ X} of D has GV-finite character property, we simply say that the subset X of Spec(D) has GV-finite character property. Note that, in this case, * is necessarily stable, that is * = * . Clearly, for any domain D, the sets Max(D) and Max t (D) have GV-finite character property. Therefore, from Proposition 5.3 and from [8, Corollary 2.8 and Proposition 2.9], we easily deduce the following.
Corollary 5.4. Let D be an integral domain and let X := {D P | P ∈ X} be a defining family of quotient rings of D for some nonempty X ⊆ Spec(D). Let * X be the (semi)star operation on D, induced by the family of overrings X := {D P | P ∈ X}, i.e., * X := ∧ X . Then the following are equivalent.
(i) X has GV-finite character property; (ii) If I is an ideal of D such that I P for every ideal P ∈ X, then there exists J ⊆ I a finitely generated ideal of D such that J P for every ideal P ∈ X; (iii) * X is of finite type; (iv) X is quasi-compact for the Zariski topology on Spec(R). The following theorem provides an algebraic version of the solution of the problem when an essential domain is a PvMD. This problem was recently solved in [9] using topological methods. (i) D is a P vMD; (ii) D is essential and the set {D P | P ∈ E(D)} of all essential valuation overrings of D has GV-finite character property. (iii) D is essential and, for all a, b ∈ D \ {0}, aD ∩ bD = F v for some F ∈ f (D) (in particular, F ⊆ aD ∩ bD).
Proof. (i) ⇒ (ii) Since a PvMD is an essential domain, we next show that E(D)
has GV-finite character property. Let I be an ideal of D such that I P for every P ∈ Spec(D) such that D P ∈ E(D) (such a prime ideal is called essential prime of D). Since Max t (D) ⊆ E(D), * E(D) ≤ * Max t (D) = w. Hence I w = D. Then, there exists a nonzero finitely generated ideal J of D such that J ⊆ I and J w = D. But, as each essential prime ideal P is such that P D P is a t-ideal in the valuation domain D P , P is a t-ideal of D [29, Lemma 3.17] and so it is contained in a maximal t-ideal. Thus, we get that J P for every essential prime P . Therefore, E(D) has GV-finite character property.
(ii) ⇒ (i) By assumption, we have D = {D P | P ∈ E(D)}. By Corollary 5.4, the (semi)star operation * E(D) is of finite type, so * E(D) ≤ t. Hence, each t-maximal ideal is a * E(D) -ideal. Thus, each t-maximal ideal is contained in an essential prime ideal, and hence it is an essential prime. This proves that D is a PvMD. Remark 5.6. By the above characterization, an essential domain to be a PvMD it is equivalent to the condition that the (semi)star operation induced by the defining family is of finite type, and in this case it is the w-operation.
A P-domain need not be a PvMD, see an example in [33] . This shows that the defining family of localizations at associated primes of a P-domain do not have in general GV-finite character property, or equivalently, the (semi)star operation induced by this defining family is not in general of finite type.
